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1 Introduction
Evaluation representations were introduced in the late 1980s to classify representations
of loop algebras [7, 8, 17]. This powerful technique was later adapted to study repre-
sentations of multiloop algebras [18, 2, 14] and various other generalizations and related
Lie algebras. (See [12, 9, 13, 10], for instance.) Two very recent papers use evalu-
ation representations to classify the finite-dimensional simple modules of equivariant
map algebras and twisted forms [16, 15]. While these two families contains all the previ-
ously mentioned examples in the literature, twisted forms also include Margaux algebras
(which are not equivariant map algebras) and equivariant map algebras include Onsager
algebras (which are not twisted forms). Equivariant map algebras and twisted forms are
both examples of twisted current algebras, fixed point subalgebras of tensor products
of Lie algebras and associative algebras under a finite group action. The goal of this
short paper is to classify the finite-dimensional simple modules of twisted current alge-
bras up to isomorphism. This gives a unified perspective on evaluation representations,
recovering the main results of [16] and [15] as special cases.
The work in [15] suggests that the common theme in the evaluation module approach
is not the equivariant maps studied in [14, 16], but rather the invariants of current
algebras under a finite group action. Let g be a finite-dimensional simple Lie algebra
over an algebraically closed field k of characteristic zero, and let X = SpecS be a
reduced affine k-scheme of finite type with coordinate algebra S. The g-valued regular
functions on X form a current Lie algebra g ⊗k S over k, with pointwise Lie bracket
[x⊗ r, y⊗ s] = [x, y]⊗ rs, for x, y ∈ g and r, s ∈ S. When a finite group Γ acts by k-Lie
∗Funding from the Natural Sciences and Engineering Research Council of Canada is gratefully ac-
knowledged.
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algebra automorphisms on g⊗k S, the twisted current algebra is simply the fixed point
subalgebra L = (g ⊗k S)Γ under the action of Γ.
Special cases include both the equivariant map algebras considered in [16] and the
twisted forms of algebras studied in [15]. Indeed, we obtain the equivariant map algebras
when Γ acts by automorphisms on both the Lie algebra g and the k-algebra S, such
that
γ(x⊗ s) = γx⊗ γs (x ∈ g, s ∈ S, γ ∈ Γ).
The twisted forms of [15] appear when Γ acts on g ⊗ S via a group action on S and a
1-cocycle u : Γ→ AutS−Lie(g⊗k S), such that
γ(x⊗ s) = uγ(x⊗ γs),
and the ring extension of S over SΓ = {s ∈ S : γs = s for all γ ∈ Γ} is Galois.
The classification of finite-dimensional simple modules of a twisted current algebra
L = (g⊗k S)Γ begins with the observation that any such representation φ : L → EndV
descends to a representation of L/ ker φ, a finite-dimensional reductive Lie algebra. Up
to twisting by a character, the quotient map L → L/ ker φ ⊆ EndV factors through the
image of an evaluation homomorphism
evM : L →֒ g⊗k S → (g⊗k S/M1)⊕ · · · ⊕ (g⊗k S/Mr) ∼= g⊕r,
for some family of maximal ideals M = {M1, . . . ,Mr} ⊆ MaxS. The isomorphism class
of the representation (V, φ) is then determined (up to twisting by a character) by the
choice of M and by the isomorphism class of V , viewed as a finite-dimensional simple
evM (L)-module.
In the case of equivariant map algebras, the image of the evaluation homomorphism
is a direct sum of isotropy subalgebras gMi with respect to an action of subgroups
ΓMi ⊆ Γ fixing maximal ideals Mi. A priori, the definition of a twisted current algebra
L = (g ⊗k S)Γ contains neither an action of Γ on g nor on S. However, the action of Γ
on g⊗k S induces an action on the maximal ideals of S, and thus on S itself. This lets
us define a 1-cocycle u : Γ→ AutS−Lie(g ⊗k S), so that the action of Γ on g ⊗k S can
be described as in the case of twisted forms: γ(x⊗ s) = uγ(x⊗ γs). While the general
ideas of the evaluation module approach remain the same, the fact that the extension
S/SΓ need not be Galois (and thus L⊗SΓ S need not be isomorphic to g⊗S) invalidates
some of the most important descent-based arguments in this context.
Instead, we adopt the approach presented in [16]. The major obstacle here is the
reliance on an action of Γ on the finite-dimensional Lie algebra g to define equivariant
map algebras. Such an action no longer exists in the context of twisted current algebras.
We finesse this difficulty by using local twisted actions, an idea motivated by ideas from
affine group schemes. If Γ ⊆ AutS−Lie(g⊗k S), then Γ is an affine group scheme over S,
with Γ(A) ⊆ AutA−Lie(g(A)) given by the A-linear extension of the Γ-action on g⊗k S
to g(A) = (g⊗kS)⊗SA. In particular, if A = S/M for some maximal idealM of S, then
g(A) ∼= g, and we have a group homomorphism evM associated to each M ∈ MaxS:
Γ
evM−→ Γ(S/M) ⊆ Autk−Lie(g)
α 7−→ α(M).
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When working with twisted current algebras, the action of Γ is only k-linear, in
general, and each evaluation map evM gives a twisted action on g:
(αβ)(M) = α(M)αβ(M) (α, β ∈ Autk−Lie(g⊗k S), M ∈ MaxS).
See Section 3 for details. This local twisted action turns out to be the crucial ingredient
to adapt the proofs of [16] to the framework of twisted forms, and more generally, to
twisted current algebras.
The methods in this paper can also be used to study the abelian tensor category C
of finite-dimensional modules of twisted current algebras, a topic we plan to explore in
a future paper [1]. In particular, this will classify the blocks of C, and consequently the
blocks of twisted forms of algebras.
2 Twisted current algebras
Throughout this paper, k will denote an algebraically closed field of characteristic zero,
g will be a finite-dimensional simple Lie algebra over k, X will be a reduced affine
k-scheme of finite type, and the (untwisted) current algebra M = M(X, g) will be the
space of g-valued regular functions on X. This is a Lie algebra under the pointwise Lie
bracket [f, g](M) = [f(M), g(M)], for all f, g ∈ M and k-rational points M ∈ X. Let
Γ be a finite group acting on M by k-Lie algebra automorphisms. The subalgebra of
Γ-invariants,
M(X, g)Γ = {f ∈M : γf = f for all γ ∈ Γ},
is called the twisted current algebra associated with M and Γ.
If S is the coordinate algebra of X, we denote by s(M) ∈ k the residue class of s ∈ S
modulo any maximal ideal (k-rational point) M ∈ MaxS:
s(M) +M = s+M ∈ S/M ∼= k.
The twisted current algebra M(X, g)Γ is isomorphic to, and will henceforth be identified
with, the Lie algebra of fixed points
L = (g⊗k S)Γ = {z ∈ g⊗k S : γz = z},
where the action of Γ on g⊗k S is obtained by identifying g⊗k S with M(X, g) via(∑
xi ⊗k si
)
(M) :=
∑
si(M)xi, (2.1)
for all xi ∈ g, si ∈ S, and k-rational points M in X. Twisted current algebras are
then precisely the Γ-fixed subalgebras of k-Lie algebras g ⊗k S, where S is a unital,
commutative, associative, and reduced k-algebra of finite type. However, note that
while the untwisted current algebra g⊗k S is naturally a Lie algebra over the base ring
S, the action of Γ, being only k-linear, defines only a k-Lie algebra structure on the
twisted current algebra L = (g⊗k S)Γ.
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Proposition 2.2 Let L = (g⊗k S)Γ be the twisted current algebra associated to the ac-
tion of Γ on g⊗kS. Then there is a group action of Γ on S and a crossed homomorphism
u : Γ→ AutS−Lie(g⊗k S) such that
γ(x⊗k s) = uγ(x⊗k γs),
for all γ ∈ Γ, x ∈ g, and s ∈ S.
Proof Let γ ∈ Γ, and let P be an ideal of S. Since Γ acts by automorphisms on g⊗kS,
the image γ(g⊗k P ) of (g⊗k P ) under the action of γ is an ideal of g⊗k S. Every such
ideal is of the form g⊗k I for some ideal I of S, so
γ(g⊗k P ) = g⊗k γP,
for some ideal γP ⊆ S. Restricted to the set MaxS of maximal ideals of S, this gives a
group action of Γ on MaxS.
Since S is reduced and of finite type over an algebraically closed field, the Jacobson
radical of S is trivial. The action of Γ on MaxS thus determines an action of Γ on S
by k-algebra automorphisms. Explicitly, the image γs of each s ∈ S under γ ∈ Γ is
determined by its reduction modulo the maximal ideals M ∈ MaxS:
γs(M) = s(γ
−1
M). (2.3)
For each γ ∈ Γ, let uγ : g⊗k S → g⊗k S be the k-linear map defined by
uγ(x⊗ s) = γ(x⊗ γ−1s),
for all x⊗ s ∈ g⊗k S. It is straightforward to verify that uγ is a k-Lie algebra automor-
phism of g⊗k S.
We now show that the automorphism uγ is actually S-linear. Consider r, s ∈ S,
x ∈ g, and γ ∈ Γ. For each P ∈ MaxS, there exists t ∈ γ−1P such that s = s(γ−1P )+ t.
Therefore,
γ(x⊗ rs)(P ) = γ
(
x⊗ (r)(s(γ−1P )
)
(P ) + γ(x⊗ rt)(P )
= s(γ
−1
P )γ(x⊗ r)(P ) + γ(x⊗ rt)(P ).
But rt ∈ γ−1P , so γ(x⊗ rt) ∈ γ(g ⊗ γ−1P ) = g⊗ P . Thus γ(x⊗ rt)(P ) = 0 and
γ(x⊗ rs)(P ) = γs(P )γ(x⊗ r)(P ).
Expanding with respect to a k-basis {xi} of g, we write
γ(x⊗ rs) =
∑
i
xi ⊗mi and γ(x⊗ r) =
∑
i
xi ⊗ ri,
for some mi, ri ∈ S. Thus γ(x ⊗ rs)(P ) =
∑
imi(P )xi and
γs(P )γ(x ⊗ r)(P ) =
γs(P )
∑
ri(P )xi, so mi(P ) =
γs(P )ri(P ) for all P ∈ MaxS and for all i. Since the
Jacobson radical of S is zero, mi =
γsri for all i, and
γ(x⊗ rs) = γsγ(x⊗ r). (2.4)
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In particular,
uγ(x⊗ rs) = γ
(
x⊗ γ−1(rs)
)
= γ
(
x⊗ γ−1rγ−1s
)
= sγ(x⊗ γ−1r)
= suγ(x⊗ r), (2.5)
so uγ is S-linear.
The finite group Γ acts on the group AutS−Lie(g ⊗k S) of S-Lie algebra automor-
phisms in the usual way:
γφ = (1⊗ γ) ◦ φ ◦ (1⊗ γ−1), (2.6)
where (1⊗ γ)(x⊗ s) = x⊗ γs for all γ ∈ Γ, φ ∈ AutS−Lie(g⊗k S), and x⊗ s ∈ g⊗k S.
Therefore,
uγ
γuη(x⊗ s) = uγ
(
(1⊗ γ)η(x⊗ η−1γ−1s)
)
= γ
(
(1⊗ γ−1) ◦ (1⊗ γ)η(x⊗ η−1γ−1s)
)
= γη
(
x⊗ η−1γ−1s)
)
= uγη(x⊗ s),
for all x⊗ s ∈ g⊗ S and γ, η ∈ Γ. Thus uγη = uγγuη, and u : Γ→ AutS−Lie(g⊗k S) is
a crossed homomorphism. ✷
Let R = SΓ = {s ∈ S : γs = s for all γ ∈ Γ} be the subalgebra of Γ-invariants in S.
Then rL ⊆ L for all r ∈ R, so L has the structure of a Lie algebra over R, and it follows
that all maximal k-Lie algebra ideals I of L which do not contain the derived subalgebra
[L,L] are actually R-Lie algebra ideals of L. See [16, Lemma 4.16] or [15, Lemma 2.7]
for details. Note that these are precisely the ideals I of L for which the quotient L/I
is a simple Lie algebra. We denote this set of R-ideals by MaxL. For each M ∈ MaxS,
we write ΓM = {γ ∈ Γ : γM = M} for the isotropy subgroup of M , and we denote
by ψ(M) : g→ g the map ψ(M)x = (ψ(x⊗ 1))(M) for each ψ ∈ Autk−Lie(g⊗ S) and
x ∈ g. The finite-dimensional Lie algebra gM = {x ∈ g : γ(M)x = x for all γ ∈ ΓM}
will reappear later in this section as the image of the evaluation map evM : L → g
sending an element α ∈ L to α(M), as defined in (2.1).
Lemma 2.7 For each R-ideal M of L, let I(M) = {r ∈ S : rL ⊆ M}. Then
I(M) ∈ MaxR for all M∈ MaxL.
Proof SupposeM ∈MaxL. Then L/M is a simple module for the (countable dimen-
sional) Lie algebra L, and I(M) is the kernel of the map m : R → EndL−mod(L/M),
m : r 7→ mr, where mr : L/M→ L/M, x 7→ rx. By Schur’s Lemma, we see that each
mr is a scalar multiplication, and I(M) = ker m is a maximal ideal of R. ✷
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Remark 2.8 If the extension S/R is Galois, then the map I : MaxL → MaxR is a
bijection, as follows from [15, Theorem 2.9]. In the context of twisted current algebras,
this is not true in general. For example, let g = sl2(k), S = k⊕k⊕k, and Γ the Klein-IV
group Z2⊕Z2. Choose Chevalley generators e, f, h for sl2(k). Let (a, b) ∈ Γ act on x⊗s
for x ∈ g and s = (s1, s2, s3) ∈ S by
(a, b) · (x⊗ s) = σa1 ◦ σb2(x)⊗ γa+b(s),
where σℓ(e) = (−1)ℓf , σℓ(f) = (−1)ℓe, and σℓ(h) = −h for ℓ = 1, 2, and γ(s1, s2, s3) =
(s2, s1, s3). The maximal ideal J = {(a, a, 0) : a ∈ k} of R = {(a, a, b) : a, b ∈ k} has
the property that JL = L, where L = (g ⊗k S)Γ = Spank {h ⊗k (1,−1, 0)}, so there is
no maximal ideal M⊂ L for which I(M) = J .
We now prove the following proposition using a modification of the argument in [16,
Proposition 5.2]. Because the proposition is nontrivial and plays an important role in
what follows, we give a detailed proof in the context of twisted current algebras for
completeness.
Proposition 2.9 Let M1, . . . ,Ms ∈ MaxL be distinct ideals for which I(M1) = · · · =
I(Ms). Then there is a natural Lie algebra epimorphism gM → L/M1 × · · · × L/Ms
for any M ∈ MaxS lying over I = I(M1).
Proof Since Γ fixes the elements of R, it leaves I and IS (setwise) invariant. The
exact sequence 0→ IS → S → S/IS → 0 induces an exact sequence of Γ-modules:
0→ g⊗k IS → g⊗k S → g⊗k S/IS → 0.
Taking Γ-invariants is an exact functor, so
L/IL = (g⊗k S)Γ/(g⊗k IS)Γ ∼= (g⊗k S/IS)Γ . (2.10)
By definition, IL ⊆M1 ∩ · · · ∩Ms, so we have a surjective homomorphism
ψ : (g ⊗k S/IS)Γ → L/(M1 ∩ · · · ∩Ms).
The extension S/R is integral [4, §1.9 Proposition 22], so Γ acts transitively on the
set of (finitely many) maximal ideals M1, . . . ,Mr ∈ MaxS lying over I ∈ MaxR, and√
IS =
⋂r
i=1Mi by [4, §2.1 Proposition 1 and §2.2 The´ore`me 2]. The action of Γ on
g⊗ S/√IS thus transitively permutes the summands g⊗k S/Mi in the direct sum⊕
i
(g⊗k S/Mi) ∼= g⊗k (S/ ∩Mi) ∼= g⊗k (S/
√
IS).
For any M =Mi lying over I, we see that projection onto the ith component g⊗k S/Mi
induces an isomorphism of Γ-invariants: (g ⊗ S/√IS)Γ π→ (g ⊗k S/M)ΓM , since taking
Γ-invariants is an exact functor.
The evaluation map
evM : (g ⊗k S/M)ΓM → g∑
xi ⊗ (si +M) 7→
∑
si(M)xi
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has image contained in gM . Indeed, for any
∑
xi⊗(si+M) ∈ (g⊗kS/M)Γ and γ ∈ ΓM ,
we see that si(M) = si +mi for some mi ∈M and
γ(M)
(
evM
(∑
xi ⊗ (si +M)
))
= γ(M)
∑
si(M)xi
=
∑
γ(xi ⊗ si(M))(M)
= γ
(∑
xi ⊗ (si +mi)
)
(M)
= evM
(∑
xi ⊗ si
)
+ γ
(∑
xi ⊗mi
)
(M).
Since γ ∈ ΓM , we see that γ (∑xi ⊗mi) ∈ γ(g⊗kM) = g⊗kM , so γ (∑xi ⊗mi) (M) =
0, evM (
∑
xi ⊗ (si +M)) is fixed under γ(M), and the image of evM is contained in
gM . It is then straightforward to verify that evM : (g⊗kS/M)ΓM → gM is a Lie algebra
isomorphism.
Let α =
∑
xi ⊗ si ∈ (g ⊗k
√
IS/IS)Γ. The ideal I ⊆ (g ⊗k S/IS)Γ generated by α
is contained in (g ⊗k
√
IS/IS)Γ, and is thus nilpotent. The Mi are distinct, so by the
Chinese remainder theorem, the Lie algebra
L/(M1 ∩ · · · ∩Ms) ∼= L/M1 × · · · × L/Ms
is semisimple. Therefore, I ⊆ kerψ, and the map ψ descends to a surjection
(g ⊗k S/IS)Γ/(g ⊗k
√
IS/IS)Γ → L/M1 × · · · × L/Ms.
Since taking Γ-invariants is an exact functor, we have
(g⊗k S/
√
IS)Γ = (g⊗k S/IS)Γ/(g ⊗k
√
IS/IS)Γ = (g ⊗k S/IS)Γ/(g ⊗k
√
IS/IS)Γ,
and the map ψ thus gives a surjective Lie algebra homomorphism
gM ∼= (g ⊗k S/M)ΓM ∼= (g⊗k S/
√
IS)Γ
ψ→ L/M1 × · · · × L/Ms. (2.11)
✷
3 Classification of finite-dimensional simple modules
We maintain the notation of the previous section: k will be an algebraically closed
field of characteristic zero, S a unital, commutative, associative, and reduced k-algebra
of finite type, g a finite-dimensional simple k-Lie algebra, and Γ a finite group acting
by k-Lie algebra automorphisms on g ⊗k S. By Proposition 2.2, there then exists an
action of Γ on S and a 1-cocycle u : Γ → AutS−Lie(g ⊗k S) defining the action of Γ:
γ(x⊗s) = uγ(x⊗ γs), for all γ ∈ Γ and x⊗s ∈ g⊗kS. The action of Γ is R = SΓ-linear,
and the associated twisted current algebra is the k-Lie algebra L = (g ⊗k S)Γ. All
modules (representations) will be finite dimensional over k. Unless explicitly indicated
otherwise, ⊗ will denote the tensor product ⊗k taken over k.
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Theorem 3.1 Let φ : L → Endk(V ) be an irreducible finite-dimensional representation
of L. Then there exist maximal ideals M1, . . . ,Mr ∈ MaxS in distinct Γ-orbits, finite-
dimensional simple gMi-modules (Vi, φi) (for i = 1, . . . , r), and a (possibly trivial) 1-
dimensional L-module W , such that V ∼= W ⊗ V1 ⊗ · · · ⊗ Vr, with L-action defined by
φi ◦ evMi on each Vi.
Proof Since L/ ker φ has a faithful finite-dimensional irreducible representation, it is
reductive with centre Z of dimension at most 1. See [5, §6 Exercice 20] or [11, Exercise
12.4], for instance. Hence,
L/ ker φ ∼= Z × L/M1 × · · · × L/Mℓ,
for distinct maximal idealsM1, . . . ,Mℓ ⊆ L where L/Mi is a finite-dimensional simple
Lie algebra for each i = 1, . . . , ℓ. Therefore, V is isomorphic to W ⊗U1⊗· · ·⊗Uℓ, where
W is a 1-dimensional L-module (trivial if Z is zero), and Ui is a finite-dimensional
simple L/Mi-module, on which L acts by pulling back the action of L/Mi.
Suppose I(Mi1) = · · · = I(Mis) for some i1, . . . , is ∈ {1, . . . , r}. If M is a maximal
ideal of S lying over I(Mi1) ⊂ R, then Proposition 2.9 gives an epimorphism ψ : gM →
L/Mi1×· · ·×L/Mis . The kernel of the composition ψ◦evMi : L → L/Mi1×· · ·×L/Mis
is contained in Mi1 ∩ · · · ∩Mis , so the irreducible representation
L → L/Mi1 × · · · × L/Mis → End (Ui1 ⊗ · · · ⊗ Uis)
factors through an irreducible representation of gM :
L evM→ gM ψ→ L/Mi1 × · · · × L/Mis → End (Ui1 ⊗ · · · ⊗ Uis).
Let I1, . . . , Ir ∈ MaxR be the distinct ideals in the set {I(Mj) : j = 1, . . . , ℓ}. For
each i = 1, . . . , r, let Mi be any maximal ideal of S lying over Ii. Since the group Γ
acts on the fibres in MaxS over each ideal in MaxR, the Mi belong to distinct Γ-orbits.
By the discussion above, the L-module V is thus isomorphic to W ⊗ V1 ⊗ · · · ⊗ Vr for
finite-dimensional simple gMi-modules Vi = Ui1 ⊗ · · · ⊗Uini , where Mi lies over I(Mij )
and Uij is the L/Mij -module in the factorization V ∼= W ⊗ U1 ⊗ · · ·Uℓ.
✷
We now prove the converse of Theorem 3.1.
Theorem 3.2 Let M1, . . . ,Mr ∈ MaxS be representatives of distinct Γ-orbits. Let
(Vi, φi) be a finite-dimensional irreducible representation of g
Mi for i = 1, . . . , r, and
suppose that (W,ρ) is a (possibly trivial) 1-dimensional module for the Lie algebra L.
Then V = W ⊗ V1 ⊗ · · · ⊗ Vr is a finite-dimensional simple module for L with action
φi ◦ evMi on each Vi.
Proof By construction, V is a simple module for Z×gM1×· · ·×gMr , where Z = ker ρ.
It thus suffices to show that the map
(p, evM ) : L → Z × gM1 × · · · × gMr
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is surjective, where p is the canonical projection L → L/M0 and evM = (evM1 , . . . , evMr).
Let Ii = Mi ∩ R for i = 1, . . . , r. Since S/R is integral and the Mi belong to distinct
Γ-orbits, the Ii are distinct maximal ideals of R. Thus Ii + Ij = R for all i 6= j, from
which it follows that IiS + IjS = S whenever i 6= j. Hence
S
/
r⋂
i=1
IiS ∼= (S/I1S)⊕ · · · ⊕ (S/IrS),
and the canonical map
π : g⊗ S → g⊗ S
/(
g⊗
r⋂
i=1
IiS
)
∼=
r⊕
i=1
(g⊗ (S/IiS)) (3.3)
is a surjection. Taking Γ-invariants is an exact functor, so the restriction of π to L is
also surjective:
π : L = (g ⊗ S)Γ →
(
r⊕
i=1
(g⊗ S/IiS)
)Γ
.
Since IiS is Γ-stable, (
⊕r
i=1(g⊗ S/IiS))Γ =
⊕r
i=1 (g⊗ S/IiS))Γ. By (2.10), (g ⊗
S/IiS)
Γ is isomorphic to L/IiL, so the induced projection
L → (L/I1L)× · · · × (L/IrL)
is surjective. But
IiL = (Mi ∩R)L ⊆ g⊗ (Mi ∩R)S ⊆ g⊗Mi = ker(evMi),
so
evM : L → evM1(L)⊕ · · · ⊕ evMr(L) = gM1 ⊕ · · · gMr
is surjective, and the module V1⊗· · ·⊗Vr is irreducible. Tensoring with a 1-dimensional
module W does not change irreducibility, so V = W ⊗ V1 ⊗ · · · ⊗ Vr is also irreducible.
✷
Theorems 3.1 and 3.2 give a complete list of the finite-dimensional simple modules for
any twisted current algebra L. However, many of these representations are isomorphic,
so we now work at classifying such modules up to isomorphism.
In Section 2, we introduced an evaluation map evM associated with any maximal
ideal M of S:
evM : Autk−Lie(g⊗ S)→ Autk−Lie(g)
ψ 7→ ψ(M),
where ψ(M)x := (ψ(x ⊗ 1))(M). Through a small abuse of notation, we associated an
automorphism γ(M) of g with each γ ∈ Γ and M ∈ MaxS. Since Γ (and thus ΓM ) is
finite, there are finitely many γ(M) for any fixed M , so the ΓM -fixed subalgebra gM is
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reductive by [6, §1.5 Proposition 14]. The map Γ→ Autk−Lie(g) induced by evM is not
a group homomorphism. However, the group Γ acts on Autk−Lie(g ⊗ S) as in (2.6):
γψ = (1⊗ γ) ◦ ψ ◦ (1⊗ γ−1),
for γ ∈ Γ and ψ ∈ Autk−Lie(g ⊗ S), and with respect to this action, it is easy to
verify that the evaluation maps evM give local twisted actions of Γ on g. That is, as
automorphisms of g,
evM (γη) = evM (γ) ◦ evM (γη), (3.4)
for all γ, η ∈ Γ and M ∈ MaxS. It is then straightforward to verify that
(γ(M))−1 = γ−1
(
γ−1M
)
, (3.5)
γ−1(M) = (γ(γM))−1 , (3.6)
(γη)(γM) = η(M), (3.7)
for all γ, η, and M .
Lemma 3.8 Let γ ∈ Γ and M ∈ MaxS. Then gM = γ−1(M)gγM .
Proof Let µ ∈ ΓγM and x ∈ gM . Then γ−1µγ ∈ ΓM , so x = (γ−1µγ)(M)x. By (3.4),
(γ−1µγ)(M) = γ−1(M)γ
−1
µ(M)γ
−1µγ(M), so by (3.7) we have
(γ−1(M))−1x = γ
−1
µ(M)γ
−1µγ(M)x
= µ(γM)γ(µ
−1γM)x.
But µ ∈ ΓγM , so µ−1 ∈ ΓγM , and thus
(γ−1(M))−1x = µ(γM)γ(γM)x
= µ(γM)[γ−1(M)]−1x,
by (3.6). Therefore, (γ−1(M))−1x ∈ gγM and
gM ⊆ γ−1(M)gγM . (3.9)
Replacing γ by γ−1, and then M by γM in (3.9), we obtain: g
γM ⊆ γ(γM)gM . The
reverse inclusion to (3.9) then follows from (3.6). ✷
The finite-dimensional simple L-modules are precisely the tensor products of 1-
dimensional L-modules with irreducible representations of finite-dimensional semisimple
quotients of L. In Theorem 3.1, we saw that the latter factor through evaluation maps
L evM−→ gM1 ⊕· · ·⊕ gMr , for some maximal ideals M1, . . . ,Mr of S from distinct Γ-orbits.
Pullbacks of gM1 ⊕ · · · ⊕ gMr -modules are called evaluation representations of L. To
classify the finite-dimensional simple L-modules up to isomorphism, it thus suffices to
classify irreducible evaluation representations up to isomorphism and determine which
ones appear as pullbacks of representations of semisimple quotients of L.
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Let Rep (gM ) be the set of isomorphism classes of finite-dimensional irreducible
representations of the (reductive) Lie algebra gM . Consider the fibre bundle
B =
∐
M∈Max S
Rep (gM )→ MaxS,
where the fibre over M ∈ MaxS is Rep (gM ). The class [1] of the trivial 1-dimensional
module 1 is a member of each fibre. For any section ψ : MaxS → B of this bundle, we
define the support of ψ to be the set
suppψ = {M ∈ MaxS : ψ(M) 6= [1]}.
A section ψ is finitely supported if suppψ is of finite cardinality.
By Lemma 3.8, (γ(M))−1gM = g
γ−1M for all γ ∈ Γ and M ∈ MaxS. We write
ψ(γ
−1
M) ◦ (γ(M))−1 for the isomorphism class [φ ◦ (γ(M))−1] ∈ Rep (gM ), where φ is
any representative of the isomorphism class ψ(γ
−1
M) ∈ Rep (gγ−1M ).
Lemma 3.10 The group Γ acts on the set F of finitely supported sections of B by
(γ · ψ)(M) = ψ(γ−1M) ◦ (γ(M))−1, (3.11)
for all γ ∈ Γ, M ∈ MaxS, and ψ ∈ F .
Proof This is a straightforward verification. ✷
Let ψ be an element of FΓ, the set of finitely supported sections fixed under the
action (3.11):
ψ ∈ FΓ = {ψ ∈ F : γ · ψ = ψ for all γ ∈ Γ}.
We now establish a bijection T between FΓ and the set S of isomorphism classes of
irreducible evaluation representations of L. For each ψ ∈ FΓ, we see that suppψ is a
union of (finitely many) distinct Γ-orbits Ω1, . . . ,Ωr in MaxS. Choose {M1, . . . ,Mr}
a set of representatives of these orbits. Consider the isomorphism class [ρψ] of the
representation
ρψ : L
evM−→ gM1 ⊕ · · · ⊕ gMr (ρ1,...,ρr)−→ End (V1 ⊗ · · · ⊗ Vr),
where (Vi, ρi) is a representative of the isomorphism class ψ(Mi) ∈ Rep (gMi).
Lemma 3.12 For every ψ ∈ FΓ, the isomorphism class [ρψ] depends only on ψ and is
independent of the choice of representatives Mi and (Vi, ρi) for all i. That is, there is a
well-defined map T : FΓ → S given by T (ψ) = [ρψ].
Proof Suppose M ′i is a representative of the same Γ-orbit as Mi for some i. Then
M ′i =
γMi for some γ ∈ Γ, and ρi ◦ evMi : L → EndVi and ρ′i ◦ evM ′i : L → EndVi
11
determine exactly the same representation, where ρ′i = ρi ◦ γ−1(Mi). Indeed, for all
z =
∑
j xj ⊗ sj ∈ L, we have
(γ−1(Mi) ◦ evM ′i )(z) = γ
−1(Mi)
∑
j
sj(M
′
i)xj
= γ−1(Mi)
∑
j
γ−1sj(Mi)xj (by (2.3))
=
∑
j
γ−1sj(Mi)
γ−1(xj ⊗ 1)(Mi)
=
∑
j
(
γ−1sjuγ−1(xj ⊗ 1)
)
(Mi)
=
∑
j
uγ−1(xj ⊗ γ
−1
sj)(Mi) (by (2.5))
= γ
−1

∑
j
xj ⊗ sj

 (Mi)
= γ
−1
z(Mi)
= z(Mi) (since z ∈ L = (g⊗ S)Γ)
= evMi(z).
Hence, as maps on L,
ρi ◦ evMi = ρi ◦ γ−1(Mi) ◦ evM ′i
= ρ′i ◦ evM ′i ,
and T is well-defined. ✷
Proposition 3.13 The map T : FΓ → S is a bijection.
Proof By Theorem 3.1, T is surjective. It is straightforward to verify that T is also
injective, using the argument in [16, Proposition 4.15]. ✷
Theorem 3.14 The isomorphism classes of finite-dimensional simple L-modules are
in natural bijection with the pairs (λ, ψ) ∈ L∗ × FΓ, such that λ vanishes on [L,L],
L/ ker(ρψ) is semisimple, and ker(λ+ ρψ) = ker(λ) ∩ ker(ρψ) for any ρψ ∈ T (ψ).
Proof By the argument in Theorem 3.1, every finite-dimensional simple L-module
(U, φ) is the pullback of a representation W ⊗ V of a (reductive) Lie algebra L =
L/ ker φ = Z⊕L, where Z is the centre and L is the derived subalgebra of L. Here W is
a 1-dimensional Z-module, on which Z acts by scalars determined by a linear functional
λ ∈ Z∗. Since Z = (Z ⊕L)/L = L/[L,L] ∼= L/([L,L] + ker φ), such λ may be identified
with linear functionals on L, which vanish on [L,L] + kerφ.
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By Proposition 3.13, the L-module (V, ρ) obtained by pulling back the L-action on
V to L is then described, up to isomorphism, by a Γ-invariant map ψ ∈ FΓ. It is clear
that ker ρ is an ideal of L which contains both ker φ and the preimage Z ⊆ L of Z
under the projection L → L. That is, L/ ker ρ is a quotient of L, a semisimple Lie
algebra, so L/ ker ρ is semisimple. Moreover, W is 1-dimensional, so ker φ = ker(λ+ ρ).
Thus ker(λ) ⊇ ker(λ + ρ), from which it follows that ker(λ + ρ) = ker(λ) ∩ ker(ρ).
Conversely, any pair (λ, ψ) satisfying the conditions of the theorem will determine a
finite-dimensional irreducible representation (W ⊗ V, φ), where λ determines a repre-
sentation W of the centre of L = L/ ker φ and ψ gives a representation V of its derived
subalgebra [L,L].
Suppose the representations (W ⊗ V, φ) and (W ′ ⊗ V ′, φ′) determined by two such
pairs (λ, ψ) and (λ′, ψ′) are isomorphic L-modules. Then ker φ = ker φ′ and the fac-
torizations W ⊗ V and W ′ ⊗ V ′ correspond to the same (unique) decomposition L =
L/ ker φ = Z⊕L described above. The representations W ⊗V and W ′⊗V ′ are isomor-
phic as L-modules, and by [3, §7.7 Proposition 8], W ∼= W ′ as Z-modules and V ∼= V ′ as
L-modules. By the discussion above, we then see that λ = λ′. Similarly, the pullbacks
of V and V ′ to L are isomorphic L-modules, so ψ = ψ′ by Proposition 3.13. ✷
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